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Abstract
The average channel capacity and the SINR distribution for multiuser Multiple Input Multiple Output (MIMO) systems in
combination with the base station based packet scheduler are analyzed in this paper. The packet scheduler is used to exploit the
available multiuser diversity in all the three physical domains (i.e., space, time and frequency). The analysis model is based on the
generalized 3GPP LTE downlink transmission for which two Spatial Division Multiplexing (SDM) multiuser MIMO schemes are
investigated: Single User (SU) and Multi-user (MU) MIMO schemes. Our analysis reveals that the outage probability for systems
using SU-MIMO scheme is generally larger than the one with MU-MIMO scheme, and linear precoding can improve the average
channel capacity for the investigated MIMO systems. The main contribution of this paper is the establishment of a mathematical
model for the SINR distribution and the average channel capacity for multiuser SDM MIMO systems with frequency domain packet
scheduler, which provides a theoretical reference for the future version of the LTE standard and a useful source of information for
the practical implementation of the LTE systems.
I. INTRODUCTION
In 3GPP Long Term Evolution (LTE) (also known as Evolved-UMTS Terrestrial Radio Access (E-UTRA)), Multiple-
Input Multiple-Output (MIMO) and Orthogonal Frequency Division Multiple Access (OFDMA) have been selected for
downlink transmission [1]. Both Spatial Division Multiplexing (SDM) and Frequency Domain Packet Scheduling
(FDPS) have been proposed. SDM simply divides the data stream into multiple independent sub-streams, which are
subsequently transmitted by different antennas simultaneously. It is used to improve the spectral efficiency of the
system. FDPS allows the packet scheduler at the Base Station (BS) to exploit the available multiuser diversity in both
time and frequency domain. In [2], it is shown that the MIMO schemes with combined SDM and FDPS can further
enhance the system performance.
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{zihuai,branka}@ee.usyd.edu.au). The author †† is with the Institute of Electronics, Communications and Information Technology (ECIT)
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This paper investigates the average channel capacity of the multiuser SDM MIMO schemes with FDPS for 3GPP
LTE downlink transmission. Both open loop and closed loop MIMO 1 are considered as possible solutions in 3GPP
LTE. However, the use of closed loop provides both diversity and array gains, and hence a superior performance. Due
to its simplicity and robust performance, the use of linear precoding has been widely studied as a closed loop scheme
[2,3]. In this paper, we refer to the open loop MIMO as the SDM MIMO without precoding, and the closed loop MIMO
as the linearly precoded SDM MIMO.
Most of the existing work on linear precoding focuses on the design of the transmitter precoding matrix, e.g., [3, 4].
In [5, 6], the interaction between packet scheduling and array antenna techniques is studied based on a system level
simulation model. The interactions between multiuser diversity and spatial diversity is investigated analytically in [7],
with the focus on space time block coding. To the authors knowledge, theoretical analysis of linearly precoded multiuser
SDM MIMO systems combined with FDPS has not been studied so far.
In this paper, we conduct a theoretical analysis for Signal to Interference plus Noise Ratio (SINR) distribution and
the average channel capacity in multiuser MIMO systems with SDM-FDPS. The packet scheduler is able to exploit the
available multiuser diversity in time, frequency and spatial domains. Although our study is conducted for the 3GPP LTE
downlink packet data transmission [1], the analysis method is generally applicable to other packet switched systems.
In the remainder of this paper, we present a description of the multiuser SDM MIMO system model in Section II.
The considered FDPS algorithm is also discussed. Section III describes the SINR distribution for an open loop MIMO
scheme. We focus on the analysis of the SINR distribution of linearly precoded MIMO systems in Section IV. The
average channel capacity of the investigated systems are given in Section V. The numerical results and discussions are
given in Section VI. Finally, the conclusions are drawn in Section VII.
II. SYSTEM MODEL
In this section, we describe the system model of multiuser SDM MIMO schemes for 3GPP LTE downlink transmis-
sion with packet scheduling. The basic scheduling unit in LTE is the Physical Resource Block (PRB), which consists
of a number of consecutive OFDM sub-carriers reserved during the transmission of a fixed number of OFDM symbols.
1Open loop and closed loop MIMO correspond to the MIMO systems without and with channel state information at the transmitter, respectively
[1].
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One PRB of 12 contiguous subcarriers can be configured for localized transmission2 in a sub-frame. With the localized
transmission scheme, two SDM schemes are now under investigation [1], i.e., Single User (SU) MIMO and Multi-User
(MU) MIMO schemes. They differ in terms of the freedom allowed to the scheduler in the spatial domain [1]. With
SU-MIMO scheme, only one single user can be scheduled per PRB; whereas with MU-MIMO scheme, multiple users
can be scheduled per PRB, one user for each sub-stream per PRB.
The Frequency Domain (FD) scheduling algorithm considered in this work is the FD Proportional Fair (PF) [8]
packet scheduling algorithm, which is being investigated under LTE. For a set of K users who share the same wireless
link, a PF scheduler allocates the rate Ri for the ith user i ∈ {1, 2, · · · ,K} such that for any other rate allocation
Rˆi, i ∈ {1, 2, · · · ,K}, there exists
∑K
i=1
Rˆi−Ri
Ri
≤ 0. In other words, some users may perform better than the others
in terms of the relative rate with the rate allocation Rˆi, i ∈ {1, 2, · · · ,K}, but an overall gain cannot be achieved.
Such scheduler is called a proportional fair scheduler, as it provides fairness among users in the system. It is shown
in [9] that a scheduler is PF if the instantaneous rate {Rk,i} maximizes
[
Rk,i
Rk,i
]
, where Rk,i = (1 − 1Twin )Rk−1,i +
1
Twin
Rk,i is the moving average of the maximum achievable rate of user i at the kth time slot over a sliding window of
Twin time slots. With simplifying assumptions similar to [10], i.e., user’s fading statistics are independent identically
distributed, Twin is sufficiently large so that the average received user data rates are stationary, and there is approximately
a linear relationship between the throughput and the SINR. The PF scheduling algorithm can be regarded as a selection
diversity process, which selects the users with the best unified effective SINR. The unified effective SINR is defined as
the equivalent single stream SINR which offers the same instantaneous (Shannon) capacity as a MIMO scheme with
multiple streams [11]. Let γi, i ∈ {1, · · · , k} be the SINR of each sub-stream, and γu be the unified effective SINR,
then log2(1 + γu) =
∑
i log2(1 + γi), so γu =
∏
i(1 + γi) − 1. The distribution of γu can be derived given the
distribution of γi. The purpose of introducing unified SINR is to facilitate the SINR comparison between SU MIMO
and MU MIMO schemes.
The system considered here has nt transmit antennas at the Base Station (BS) and nir receive antennas at the ith
Mobile Station (MS), i = 1, 2, · · · ,K. Without loss of generality, we assume that all the MSs have equal numbers
of antennas nr, we define M = min(nt, nr) and N = max(nt, nr). The number of users simultaneously served on
2In the localized FDMA transmission scheme, each user’s data is transmitted by consecutive subcarriers, while for the distributed FDMA
transmission scheme, the user’s data is transmitted by distributed subcarriers [1].
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each PRB for the MU-MIMO scheme is usually limited by the number of transmitter antennas nt. The scheduler in BS
select at most nt users per PRB from the K active users in the cell for data transmission. Denote by ζk the set of users
scheduled on the kth PRB and |ζk| = nt. The received signal vector at the jth MS, j ∈ ζn, can be modeled as
yn,j = Hn,jxn + nn,j, (1)
where nn,j ∈ Cnr×1 is a circularly symmetric complex Gaussian noise vector with a zero mean and covariance matrix
N0I ∈ Rnr×nr , i.e., nn,j ∼ CN (0, N0I). Hn,j ∈ Cnr×nt is the channel matrix between the BS and the jth MS at the
nth PRB and xn ∈ Cnt×1 is the transmitted signal vector at the nth PRB, and the µth element of xn is the data symbol
xn,µ transmitted from the µth MS, µ ∈ ζn.
For a linearly precoded MIMO system, the received signal vector at the jth MS, j ∈ ζn, can be obtained by
yn,j = Hn,j
∑
µ∈ζn
bn,µxn,µ + nn,j = Hn,j
∑
µ∈ζn
Bn,µψn,µ + nn,j (2)
where bn,µ ∈ Cnt×1 is the beamvector for the µth MS user data on the nth PRB and Bn,µ ∈ Cnt×nt is the precoding
matrix with the µth column of Bn,µ equal to bn,µ, ψn,µ ∈ Cnt×1 is a column vector in which the µth element equal to
xn,µ and the rest equal to zero.
For the MU-MIMO SDM scheme with linear precoding, we use the Transmit Antenna Array (TxAA) technique
[12] which is also known as the Closed Loop Transmit Diversity (CLTD) [13] in the terminology of 3GPP. The TxAA
technique is to use Channel State Information (CSI) to perform eigenmode transmission. For the TxAA scheme, the
antenna weight vector is selected to maximize the SNR at the MS. The first eigenvector (corresponds to the largest
eigenvalue) of the channel matrix is usually selected to be the weight vector to maximize the link quality. For MU-
MIMO SDM scheme, we assume that the precoding matrices for scheduled users are approximately identical3, so that
3In fact, this assumption is invalid for a practical system with optimal CSI. The reason is that the precoding matrix is dependent on the eigenvalue
of the channel matrix, since the channel between each user and the BS is independent. The probability that the precoding matrices are identical
for different users is almost zero. But for a quantized version of the precoding matrices, this probability does not go to zero. In a real system, the
CSI is usually quantized, thus there is a codebook for the precoding matrix.
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the same precoding matrix can be used for the scheduled users . Then (2) becomes
yn,j = Hn,jBn,j
∑
µ∈ζn
ψn,µ + nn,j = Hn,jBn,jxn + nn,j (3)
where Bn,j is the precoding matrix for the jth MS on the nth PRB, j ∈ ζn and xn is defined as the same as in (1).
With a linear Minimum Mean Square Error (MMSE) receiver, also known as a Wiener filter, the optimum precoding
matrix under the sum power constraint can be generally expressed as Bn,j = Un,j
√
Σn,jVn,j [14]. Here Un,j is an
nt × nt eigenvector matrix with columns corresponding to the nt largest eigenvalues of the matrix Hn,jHHn,j , where
HHn,j is the Hermitian transpose of the channel matrix Hn,j . For Schur-Concave objective functions, Vn,j ∈ Cnt×nt is
an unitary matrix, andΣn,j is a diagonal matrix with the ηth diagonal entryΣn,j(η, η) representing the power allocated
to the ηth established data sub-stream, η ∈ {1, 2, · · · , nt}.
III. SINR DISTRIBUTION FOR OPEN LOOP SPATIAL MULTIPLEXING MIMO
In the single user case with a 2 × 2 antenna MIMO scheme, with two data streams, uncorrelated Rayleigh fading
channel, and a Zero Forcing (ZF) receiver, the Cumulative Distribution Function (CDF)4 of the unified effective SINR
can be represented by [11]
F sΓu(γ) = Pr(Γu ≤ γ) =
∫ γ
0
2
γ0
e
− 2x
γ0 (1− e−
2(γ−x)
γ0(1+x) )dx (4)
where Γu is the unified effective SINR and γ0 = Es/(ntN0) where Es is the total transmit energy and N0 is the power
spectral density of the additive white Gaussian noise. Note that it was shown in [15] that in SDM with a ZF receiver,
the MIMO channel can be decomposed into a set of parallel channels. Therefore, the received substream SINRs are
independent.
For localized downlink transmission with SU-MIMO SDM scheme [1] and FD PF algorithm under the assumption
of identical distribution of all effective SINR for all users, the probability that the SINR of a scheduled user is less than
4In the rest of this paper, we denote by an upper case letter a random variable and by the corresponding lower case letter its realization.
5
a certain threshold, i.e., the CDF of the post scheduling SINR per PRB can be computed as
FOSΓu (γ) = [Pr(Γu ≤ γ)]K = [F sΓu(γ)]K , (5)
where K is the number of active users in the cell or the so called User Diversity Order (UDO). That is the distribution
of the best user, i.e., the largest SINR selected from the K users.
The Probability Density Function (PDF) of the post scheduling SINR, i.e., the SINR after scheduling, per PRB can
be obtained by differentiating its corresponding CDF as
fOSΓu (γ) =
d
dγ
FOSΓu (γ)
= K
[∫ γ
0
2
γ0
e
− 2x
γ0 (1− e−
2(γ−x)
γ0(1+x) )dx
]K−1 ∫ γ
0
[
4
γ20(1 + x)
exp
(
−2(γ + x
2)
γ0(1 + x)
)]
dx. (6)
For an MU-MIMO SDM scheme, multiuser diversity can also be exploited in the spatial domain, which effectively
increases the UDO. This is due to the fact that for localized transmission under an MU-MIMO scheme in LTE, we can
schedule multiple users per PRB, i.e. one user per sub-stream. For a dual stream MU-MIMO scheme, the maximum
number of users per PRB is 2.
It was shown in [16] that for a spatial multiplexing MIMO scheme with nt transmit antennas and nr receive antennas,
with a ZF receiver, the SINR on the kth sub-stream has a Chi-squared PDF,
f sΓk(γ) =
ntσ
2
ke
−ntγσ2k/γ0
γ0(nr − nt)! (
ntγσ
2
k
γ0
)(nr−nt), (7)
where Γk represents the instantaneous SINR on the kth spatial sub-stream, σ2k is the kth diagonal entry of Rt
−1 where
Rt is the transmit covariance matrix. Equ. (7) is for the flat Rayleigh fading channel with uncorrelated receive antennas
and with transmit correlation. For uncorrelated transmit antennas, Rt becomes an identity matrix, therefore, σ2k = 1 in
(7).
For an uncorrelated flat Rayleigh fading channel with an MU-MIMO SDM scheme and K active users, the CDF of
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post scheduling SINR for each sub-stream is
FMsΓk (γ) =
(∫ γ
0
nte
−ntα/γ0
γ0(nr − nt)!(
ntα
γ0
)(nr−nt)dα
)K
. (8)
In the case of nr = nt, the above equation can be written in a closed form as
FMsΓk (γ) =
(
1− e−
ntγ
γ0
)K
. (9)
The PDF for the post scheduling sub-stream SINR can be derived as
fMsΓk (γ) =
d
dγ
FMsΓk (γ) =
nt
γ0
e
−
ntγ
γ0 K
(
1− e−
ntγ
γ0
)(K−1)
. (10)
For a dual stream MU-MIMO scheme, combining the two sub-stream SINRs of each PRB into an unified SINR with
the same total (Shannon) capacity, the CDF for the post scheduling effective SINR per PRB can then be expressed as
FOMΓu (γ) = Pr((Γ1 + 1)(Γ2 + 1) ≤ γ) =
∫ ∞
0
Pr(Γ2 ≤ γ − x
x+ 1
| Γ1 = x)fMsΓ1 (x)dx. (11)
Under the assumption of independence between the instantaneous SINR of sub-streams, we have
FOMΓu (γ) =
∫ γ
0
nt
γ0
e
−
ntx
γ0 K
(
1− e−
ntx
γ0
)(K−1)(
1− e−
nt
γ−x
x+1
γ0
)K
dx. (12)
IV. SINR DISTRIBUTION FOR LINEARLY PRECODED SDM MIMO SCHEMES
For a linearly precoded MIMO scheme using the linear MMSE receiver, the received SINR at the jth spatial sub-
stream of the ith MS, can be related to its Mean Square Error (MSE) as [14],
Γj = MSE
−1
j − 1, j ∈ {1, 2, · · · , nt}. (13)
For simplicity we have omitted the index for the ith user in the above equation.
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For Schur-Concave objective functions, the instantaneous SINR can be obtained by minimizing the weighted sum of
the MSEs as follows [14]
Γj = λjρj , j ∈ {1, 2, · · · , nt} (14)
where λj is the jth non-zero largest eigenvalue of the matrix HiHHi . ρj = pj/N0, where pj is the power allocated to
the jth established sub-stream of the ith MS and N0 is the noise variance. It is well known that for Rayleigh MIMO
fading channels, the complex matrix HiHHi is a complex central Wishart matrix [17].
The joint density function of the ordered eigenvalues of HiHHi can be expressed as [17]
fΛ(λ1, · · · , λM ) =
M∏
i=1
λN−Mi
(M − i)!(N − i)!
M−1∏
i<j
(λi − λj)2 · exp(−
M∑
i=1
λi), (15)
where λ1 ≥ λ2 ≥ · · · ≥ λM . For unordered eigenvalues, the joint density function can be obtained by fΛ(λ1, · · · , λM )/M !.
A. Linearly Precoded SDM SU-MIMO Schemes
For localized downlink transmission with linearly precoded SU-MIMO system with 2 antennas at both the transmitter
and the receiver side, applying the FD PF scheduling algorithm under the assumption of identical distribution of all
effective SINR for all users, the probability that the SINR of a scheduled user is below a certain threshold, i.e., the CDF
of the post scheduling SINR per PRB is, as shown in Appendix A, given by
FCSΓu (γ) =
[∫ γ
0
dv
1
(ρ1ρ2)3
exp(− v
ρ1
)ϕ(γ, v)
]K
(16)
where K is the number of active users in the cell and
ϕ(γ, v) = ρ2
3v2
[
1− exp
(
− γ − v
ρ2(v + 1)
)]
− 2ρ1ρ23v ·
[
1− exp
(
− γ − v
ρ2(v + 1)
)(
1 +
γ − v
ρ2(v + 1)
)]
+ 2ρ1
2ρ2
3 − ρ12ρ23 exp
(
− γ − v
ρ2(v + 1)
)
·
(
(
γ − v
ρ2(v + 1)
)2 +
2(γ − v)
ρ2(v + 1)
+ 2
)
. (17)
By differentiating the distribution function expressed by (16), the PDF of the effective post scheduling SINR for the
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linearly precoded SDM SU-MIMO scheme can be derived as
fCSΓu (γ) = K
∫ γ
0
1
(ρ1ρ2)3(1 + v)
exp
(
− v
ρ1
− γ − v
ρ2(1 + v)
)
· (ρ2v − γ − v
1 + v
ρ1)
2dv
·
(∫ γ
0
1
(ρ1ρ2)3
exp(− v
ρ1
)ϕ(γ, v)dv
)K−1
. (18)
B. Linearly Precoded SDM MU-MIMO Schemes
For MU-MIMO, the distribution of instantaneous SINR for each sub-stream of each scheduled user should be com-
puted first in order to get the distribution of the unified effective SINR for the scheduled users per PRB. This requires
the derivation of the marginal PDF of each eigenvalue. The marginal density function of the kth ordered eigenvalue can
be obtained by [18]
fΛk(λk) =
∫ ∞
λk
dλk−1 · · ·
∫ ∞
λ2
dλ1
∫ λk
0
dλk+1 · · ·
∫ λM−1
0
dλMfΛ(λ1, · · · , λM ) (19)
where fΛ(λ1, · · · , λM ) is given by (15).
Complex expressions of the distribution of the largest and the smallest eigenvalues can be found in [19, 20], but not
for the other eigenvalues.
In [21], the marginal PDF of eigenvalues is approximated as
fΛi(λi) ≃
1
[β(i)− 1]!
λ
β(i)−1
i
λ˜
β(i)
i
exp(−λi/λ˜i) (20)
where β(i) = (nt − i+ 1)(nr − i+ 1) and
λ˜i =
1
β(i)
λ¯i =
1
β(i)
∫ ∞
0
λifΛ(λi)dλi. (21)
It was verified by simulations in [21] that despite its simple form, (20) provides an accurate estimation of eigenvalues
distribution of the complex central Wishart matrix HHH for Rayleigh MIMO fading channel.
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Based on (14) and (20), the density function of the instantaneous SINR of the ith sub-stream can be expressed as
fΓi(γ) =
1
ρi
fΛi(γ/ρi) ≃
1
ρi
1
[β(i)− 1]!
(γ/ρi)
β(i)−1
λ˜
β(i)
i
exp(−γ/(ρiλ˜i)). (22)
The outage probability, which is defined as the probability of the SINR being less than the targeted SINR within a
specified time period, is a statistical measure of the system. From the definition, the outage probability is simply the
Cumulative Distribution Function (CDF) of the SINR evaluated at the targeted SINR. The outage probability can be
obtained by
Pr(Γi ≤ γ) =
∫ γ
−∞
fΓi(α)dα = Pr(λi ≤ γ/ρi) ≃ 1−
β(i)−1∑
j=0
(γ/(ρiλ˜i))
j
j!
exp(−γ/(ρiλ˜i)). (23)
In the multiple users case, with the MU-MIMO SDM scheme and the FD PF packet scheduling algorithm, the
distribution function of the instantaneous SINR for the ith sub-stream of each PRB can be obtained as
FCMΓi (γ) = Pr(Γ1 ≤ γ, · · · ,ΓK ≤ γ) =
K∏
k=1
Pr(Γi ≤ γ). (24)
Substituting (23) into (24) yields
FCMΓi (γ) ≃

1− β(i)−1∑
j=0
(γ/(ρiλ˜i))
j
j!
exp(−γ/(ρiλ˜i))

K . (25)
Using the Kth order statistics [22], under the assumption of identical distribution of all effective SINR for all users,
the probability density function of the instantaneous SINR of the ith sub-stream of each PRB with linearly precoded
MU-MIMO scheme using FD PF packet scheduling algorithm can then be obtained as
fCMΓi (γ) =
d
dγ
FCMΓi(γ)
≃ K(γ/ρi)
β(i)−1
ρi[β(i)− 1]!λ˜β(i)i
exp(−γ/(ρiλ˜i))

1− β(i)−1∑
j=0
(γ/(ρiλ˜i))
j
j!
exp(−γ/(ρiλ˜i))

K−1 . (26)
Note that for a dual sub-stream linearly precoded SDM MU MIMO scheme with a FD PF packet scheduling algo-
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rithm, the distribution of instantaneous SINRs for the two sub-streams within a PRB are independent. We consider the
baseline antenna configuration of LTE, i.e., 2 antennas at both the transmitter and the receiver side. In this case, the
distribution function of the unified effective instantaneous SINR of the two sub-streams of each PRB can be obtained
by using (11). Differentiating (11) with respect to γ gives
fCMΓu (γ) =
∫ ∞
0
1
(x+ 1)
fCMΓ1 (x)f
CM
Γ2 (
γ − x
x+ 1
)dx. (27)
Substituting (25) and (26) into (11) and limiting the integral region, we get
FCMΓu (γ) ≃
∫ γ
0
dx
K
ρ1λ˜1
(x/(ρ1λ˜1))
(β(i)−1)
(β(i) − 1)! e
(− x
(ρ1λ˜1)
) ·

1− β(i)−1∑
j=0
(x/(ρ1λ˜1))
j
j!
e(−x/(ρ1λ˜1))

K−1
·

1− β(2)−1∑
j=0
(
(γ − x)/((x + 1)ρ2λ˜2)
)j
j!
e
(
−
γ−x
(x+1)ρ2λ˜2
)
K
. (28)
V. THE AVERAGE CHANNEL CAPACITY
The average channel capacity [23] or the so called Shannon (Ergodic) Capacity [24] per PRB can be obtained by
C =
∫ ∞
0
log2(1 + γ)fΓ(γ)dγ. (29)
Here fΓ(γ) is the PDF of the effective SINR, which can be obtained by differentiating the CDF of the SINR for the
corresponding SDM schemes.
With the investigated linear receivers, which decompose the MIMO channel into independent channels, the total
capacity for the multiple input sub-stream MIMO systems is equal to the sum of the capacities for each sub-stream, i.e.,
Ctotal =
∑
i
∫ ∞
0
log2(1 + γ)fΓi(γ)dγ. (30)
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A. Average channel capacity for SDM MIMO without precoding
The average channel capacity for SDM SU-MIMO without precoding can be obtained as
COSU =
∫ ∞
0
dγ log2(1 + γ)K
4e4/γ0
γ20
[γ20(1 + γ)]
− 1
4 exp
(
− 4
γ0
√
1 + γ
)√
pi
2
γ0
∞∑
n=0
(1/2 − n)2n
2n/2( 4γ0
√
1 + γ)n[
1− e−
2γ
γ0 − 2e4/γ0
∫ γ0(1+γ)
γ0
e−2/γ
2
0u−2(1+γ)u
−1
du
]K−1
. (31)
The derivation of (31) is given in Appendix B.
The average channel capacity of SDM MU MIMO without precoding is the sum of the average channel capacity for
each sub-stream. Substituting the PDF for the post scheduling sub-stream SINR (10) into (30) yields
COMU =
∑
i
∫ ∞
0
log2(1 + x)fΓi(x)dx =
ntK
γ0
∑
i
∫ ∞
0
log2(1 + x)e
−
ntx
γ0
(
1− e−
ntx
γ0
)K−1
dx
=
ntK
γ0 ln 2
∑
i
K−1∑
j=0
(−1)j
(
K−1
j
) e−ajEi(aj)
aj
, (32)
where aj = − (j+1)ntγ0 , and Ei(·) is the exponential integral function defined as [25, p. 875-877]
Ei(x) =
∫ x
−∞
et
t
dt = ln(−x) +
∞∑
m=1
xm
m ·m! x < 0. (33)
The derivation of (32) is given in Appendix C.
B. Average channel capacity for SDM MIMO with precoding
For a linearly precoded SDM SU MIMO scheme without FDPS, inserting (22) into (30), we have
C =
∑
i
∫ ∞
0
log2(1 + γ)
1
ρi
fΛi(γ/ρi)dγ
≃
∑
i
∫ ∞
0
log2(1 + γ)
1
ρi
1
[β(i) − 1]!
(γ/ρi)
β(i)−1
λ˜
β(i)
i
· exp(−γ/(ρiλ˜i))dγ. (34)
For a linearly precoded multiuser SDM SU-MIMO scheme with FDPS, the probability density function of the effec-
tive SINR can be obtained by (18). Inserting (18) into (29), the post scheduling average channel capacity of a linearly
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precoded SDM SU-MIMO scheme can be derived as
CCSU =
∫ ∞
0
dγ log2(1 + γ)K
(∫ γ
0
1
(ρ1ρ2)3
exp(− v
ρ1
)ϕ(γ, v)dv
)K−1
·
∫ γ
0
dv
1
(ρ1ρ2)3(1 + v)
· exp
(
− v
ρ1
− γ − v
ρ2(1 + v)
)
(ρ2v − γ − v
1 + v
ρ1)
2. (35)
Substituting (26) into (30), the average channel capacity of the linearly precoded multiuser SDM MU-MIMO scheme
can be derived as
CCMU ≃
2∑
i=1
∫ ∞
0
dγ log2(1 + γ)
K
ρiλ˜i
(γ/(ρiλ˜i))
(β(i)−1)
(β(i) − 1)! exp
(
− γ
ρiλ˜i
)
·

1− β(i)−1∑
j=0
(γ/(ρiλ˜i))
j
j!
exp
(
− γ
ρiλ˜i
)K−1
=
K
(ρ1λ˜1)β(i)(β(i) − 1)!
∫ ∞
0
log2(1 + γ) γ
β(i)−1e
− γ
ρ1λ˜1

1− β(i)−1∑
j=0
γj
j!(ρ1λ˜1)j
e
− γ
ρ1λ˜1

K−1
︸ ︷︷ ︸
Ψ(γ)
dγ
︸ ︷︷ ︸
Ω
+
K
ρ2λ˜2
∫ ∞
0
log2(1 + γ)e
− γ
ρ2λ˜2
(
1− e−
γ
ρ2λ˜2
)K−1
dγ︸ ︷︷ ︸
Φ
. (36)
Following the same procedure as shown in Section V-A for SDM MU-MIMO without precoding, we have
Φ =
1
ln 2
K−1∑
j=0
(−1)j
(
K−1
j
) e−bjEi(bj)
bj
, (37)
where bj = − (j+1)ρ2λ2 . With binomial expansion, we have
Ψ(γ) = γβ(i)−1e
−
γ
ρ1λ˜1

1− β(i)−1∑
j=0
γj
j!(ρ1λ˜1)j
e
−
γ
ρ1λ˜1

K−1
= γβ(i)−1
K−1∑
n=0
(−1)n (K − 1)!
(K − 1− n)!n!

β(i)−1∑
j=0
γj
j!(ρ1λ˜1)j

n e− (n+1)γρ1λ˜1
= γβ(i)−1
K−1∑
n=0
cn

β(i)−1∑
j=0
γj
j!(ρ1λ˜1)j

n e− (n+1)γρ1λ˜1 (38)
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where
cn = (−1)n (K − 1)!
(K − 1− n)!n! = (−1)
n
(
K−1
n
)
. (39)
According to (36), Ω = ∫∞0 log2(1 + γ)Ψ(γ)dγ.
For a large number of transmit and receiver antennas (assume η = nt = nr and the ordered eigenvalues of HHH as
λ1 ≥ λ2 ≥ · · · ≥ λη), i.e., β(i) is sufficiently large, the average channel capacity for SDM MU-MIMO with precoding
can be approximated by a closed form
CCMU ≈
η−1∑
i=1
K
(ρiλi)β(i)−1(β(i) − 1)!
1
ln 2
K−1∑
n=0
(−1)n (K − 1)!
(K − 1− n)!n!Iβ(i)
(
1
ρiλi
)
+
K
ρηλ˜η
1
ln 2
K−1∑
j=0
(−1)j
(
K−1
j
) e−djEi(dj)
dj
, (40)
where the function I(·) is defined as [26]
Ii(µ) =
∫ ∞
0
ln(1 + x)xi−1e−µxdx, µ > 0, i = 1, 2, . . . = (i− 1)!eµ
i∑
k=1
Γ(−i+ k, µ)
µk
,
and Γ(·, ·) is the complementary incomplete gamma function defined as [26]
Γ(α, x) =
∫ ∞
x
tα−1e−tdt,
and dj = − (j+1)ρηλη . The derivation of (40) is given in Appendix D.
VI. ANALYTICAL AND NUMERICAL RESULTS
In this section, we will give some analytical and numerical results. Here we only consider the case with 2 antennas at
both the transmitter and the receiver side. We first give the results for open loop SU/MU SDM MIMO schemes of LTE
downlink transmission.
Fig. 1 shows a single stream SINR and the effective SINR distribution per PRB for MIMO schemes with and without
FDPS. The number of active users in the cell, which are available for scheduling is 20. It can be seen that without packet
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scheduling, MU-MIMO can exploit available multiuser diversity gain, therefore it has better stream SINR distribution
than SU-MIMO. For SDM SU-MIMO at 50% percentile of effective SINR, approximately 10 dB gain can be obtained
by using FDPS. More gain can be achieved by using MU-MIMO scheme with packet scheduling. This is due to the fact
that the multiuser diversity is further exploited in SDM MU-MIMO schemes.
Fig. 2 shows the effective SINR distribution per PRB for linearly precoded SDM MIMO scheme with and without
packet scheduling. The number of active users, i.e., the user diversity order, is 10. These plots are obtained under the
assumption of evenly allocated transmit power at the two transmitter antennas, and a transmitted Signal to Noise Ratio
(SNR), which is defined as the total transmitted power of the two sub-streams divided by the variance of the complex
Gaussian noise, is equal to 20 dB. It can be seen that for SU-MIMO scheme, the multiuser diversity gain (as shown in
Fig. 2) at the 10th percentile of the post scheduled SINR per PRB is about 11 dB with 10 users. While an MU-MIMO
scheme with SDM-FDPS can achieve an additional 2 dB gain compared with a SDM-FDPS SU-MIMO scheme. This
implies that the MU-MIMO scheme has more freedom or selection diversity than the SU-MIMO in the spatial domain.
The average channel capacity for SU and MU MIMO schemes versus transmitted SNR and the number of active users
are shown in Fig. 3 and Fig. 4, respectively. Fig. 3 indicates that in a cell with 10 active users, the MU-MIMO schemes
(no matter with or without precoding) always perform better than the SU-MIMO schemes. Notice that the performance
for the closed loop SU-MIMO denoted by with precoding in Fig. 3 is slightly worse than the one for the open loop MU
MIMO. This implies that MU-MIMO exploits more multiuser diversity gain than SU-MIMO does. Interestingly, the
precoding gain for SU-MIMO is much larger than for MU-MIMO.
Fig. 4 shows that the average channel capacity for SU-MIMO schemes with precoding is always higher than the one
for the SU-MIMO scheme without precoding regardless of the number of users. However, for the MU-MIMO scheme,
the above observation does not hold especially for systems with a large number of active users. As the number of active
users increases, the advantages using schemes with precoding gradually vanish. This can be explained by the fact that
the multiuser diversity gain has already been exploited by MU-MIMO schemes and the additional diversity gain by
using precoding does not contribute too much in this case.
The presented numerical results agree with the simulation results, e.g., Fig. 4 presented in [2] in the sense that as
the number of active users in the cell increases, the MU-MIMO without precoding outperforms the SU-MIMO scheme
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with precoding. The slight difference is in that the number of active users for which the MU-MIMO scheme without
precoding outperforms SU-MIMO with precoding. That number is about 20 in [2], while it is less than 10 as shown in
Fig. 4 in this paper. The difference may be due to the fact that in [2] the average user throughput for real systems, e.g.,
real PF scheduling algorithm with finite buffer and particular traffic model, is considered, while this paper considers
the average channel capacity with a simplified PF scheduling algorithm with particular channel assumptions. Another
factor is that in Fig. 4, we used ZF receiver for the open loop scheme while for the closed loop scheme, the MMSE
receiver was employed. One reason why we use ZF receiver instead of MMSE for the open loop scheme is that the
SINR distribution for the open loop scheme with MMSE receiver is very difficult to obtain. Another reason is that the
ZF receiver can separate the received data substreams, while MMSE receiver can not, the independence property of the
received data substreams is used for computing the effective SINR as we mentioned earlier.
VII. CONCLUSION
In this paper, we analyzed a multiuser downlink SINR distribution for linearly precoded SDM MIMO schemes in
conjunction with a base station packet scheduler. Both SU and MU MIMO schemes with FDPS are investigated. In
general, the outage probability for systems using a SU-MIMO scheme is larger than the one with a MU-MIMO scheme.
In terms of the average channel capacity, the system using a linearly precoded MU-MIMO scheme has a larger capacity
than the one using a SU-MIMO scheme. For a SU-MIMO scheme, the precoded MIMO system always has a higher
average channel capacity than the one without precoding. For a MU-MIMO, the above conclusion does not hold,
particularly for systems with a large number of active users.
APPENDIX
A. Derivation of (16)
For a 2× 2 linearly precoded spatial multiplexing MIMO system, (15) can be simplified as
fΛ(λ1, λ2) = (λ1 − λ2)2 exp(−(λ1 + λ2)). (41)
16
The joint probability density function of the SINRs of the two (assumed) established sub-streams using the Jacobian
transformation [27] is then fΓ(γ1, γ2) = 1ρ1ρ2 fΛ(λ1/ρ1, λ2/ρ2).
Let x = 1+γ1 and y = 1+γ2, then the unified effective SINR is given by Γu = xy−1, and the distribution function
of Γu can be expressed as
FΓu(γ) =
∫ ∞
−∞
dx
∫ γ+1
x
−∞
dyfΓ(x− 1, y − 1) =
∫ ∞
−∞
dx
∫ γ+1
x
−∞
dy
1
ρ1ρ2
fΛ
(
x− 1
ρ1
,
y − 1
ρ2
)
. (42)
By inserting (41) into (42), and limiting the integral region, we have
FΓu(γ) =
∫ γ+1
1
dx
∫ γ+1
x
1
dy
1
(ρ1ρ2)3
(ρ2x− ρ1y + ρ1 − ρ2)2 · exp
(
− 1
ρ1ρ2
(ρ2x+ ρ1y − ρ1 − ρ2)
)
. (43)
(43) can be further expressed as
FΓu(γ) =
∫ γ
0
dv
∫ γ−v
v+1
0
du
1
(ρ1ρ2)3
(ρ2v − ρ1u)2 · exp
(
− 1
ρ1ρ2
(ρ2v + ρ1u)
)
=
∫ γ
0
dv
1
(ρ1ρ2)3
exp(− v
ρ1
)ϕ(γ, v), (44)
where ϕ(γ, v) is given by (17). With the FD PF scheduling algorithm under the assumption of identical distribution of
all effective SINR for all users, the scheduled user is the one with the largest effective stream SINR among the K users.
That is
FCSΓu (γ) = Pr(γ1 < α1, γ2 < α2, · · · , γK < αK) = [Pr(Γu ≤ γ)]K = [FΓu(γ)]K . (45)
Inserting (44) into (45), obtain (16).
B. Derivation of (31)
By inserting the PDF of the post scheduling effective SINR (6) into (29), the average channel capacity for SDM
SU-MIMO without precoding can be obtained as
COSU =
∫ ∞
0
dγ log2(1 + γ)K

∫ γ
0
2
γ0
e
−
2x
γ0
(
1− e− 2(γ−x)γ0(1+x)
)
dx︸ ︷︷ ︸
Θ


K−1
·
∫
∞
0
[
4
γ2
0
(1 + x)
exp
(
−2(γ + x
2)
γ0(1 + x)
)]
dx︸ ︷︷ ︸
Υ
, (46)
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where
Θ =
∫ γ
0
2
γ0
e
− 2x
γ0
(
1− e−
2(γ−x)
γ0(1+x)
)
dx =
2
γ0
∫ γ
0
e
− 2x
γ0 dx︸ ︷︷ ︸
α
− 2
γ0
∫ γ
0
e
− 2x
2+2γ2
γ0(1+x) dx︸ ︷︷ ︸
β
(47)
Therefore, Θ = 2γ0α− 2γ0β, and α, β can be computed separately as
α =
∫ γ
0
e
− 2x
γ0 dx = −γ0
2
∫ γ
0
e
− 2x
γ0 d
(
−2x
γ0
)
= −γ0
2
e
− 2x
γ0 |γ0 =
γ0
2
(
1− e−
2γ
γ0
)
.
We derive β by u-Substitution. Let u = γ0(1+x), we have x = u/γ0− 1, dx = du/γ0 and x2+ γ2 =
(
u
γ0
− 1
)2
+
γ2 = u
2
γ20
− 2uγ0 + 1 + γ2.
Therefore,
β =
∫ γ
0
e
−
2(x2+γ2)
γ0(1+x) dx =
1
γ0
∫ γ0(1+γ)
γ0
e
−2u−1
(
u2
γ2
0
− 2u
γ0
+1+γ2
)
du =
e4/γ0
γ0
∫ γ0(1+γ)
γ0
ebu+au
−1
du,
where b = −2/γ20 and a = −2(1 + γ).
From (46), we have
Υ =
∫ ∞
0
4
γ20(1 + x)
exp
(
−2(γ + x
2)
γ0(1 + x)
)
dx, (48)
Let u = γ0(1 + x), we have x = u/γ0 − 1, dx = du/γ0 and x2 + γ =
(
u
γ0
− 1
)2
+ γ = u
2
γ20
− 2uγ0 + 1 + γ, Eq. (48)
can be represented as
Υ =
∫ ∞
0
4
γ0u
exp
(
−2
u
[
u2
γ20
− 2u
γ0
+ 1 + γ
])
dx =
4e4/γ0
γ20
∫ ∞
0
u−1 exp
(
−2u
γ20
− 2(1 + γ)
u
)
du (49)
According to [28, p. 144]
∫ ∞
0
e−(px+q/x)x−(a+1/2)dx =
(
p
q
) 1
2
a
exp(−2√pq)
√
pi
p
∞∑
n=0
(a− n)2n
2n/2(2
√
pq)n
. (50)
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Let a = 1/2, Eq. (50) becomes
∫ ∞
0
e−(px+q/x)x−1dx =
(
p
q
)1
4
exp(−2√pq)
√
pi
p
∞∑
n=0
(1/2 − n)2n
2n/2(2
√
pq)n
. (51)
Assigning p = 2/γ20 , q = 2(1 + γ) in the above equation, Υ in (49) can be derived as
Υ =
4e4/γ0
γ20
[γ20(1 + γ)]
− 1
4 exp
(
− 4
γ0
√
1 + γ
)√
pi
2
γ0
∞∑
n=0
(1/2 − n)2n
2n/2( 4γ0
√
1 + γ)n
. (52)
C. Derivation of the average channel capacity for MU MIMO without precoding
For the SDM MU-MIMO without precoding, the average channel capacity has the form
COMU =
∑
i
∫ ∞
0
log2(1 + x)
nt
γ0
e
−
ntx
γ0 K
(
1− e−
ntx
γ0
)K−1
dx
=
ntK
γ0
∑
i
∫ ∞
0
log2(1 + x)e
−
ntx
γ0
(
1− e−
ntx
γ0
)K−1
dx (53)
According to the binomial theorem [25, p. 25]
(1− z)n = 1− nz + n(n− 1)
1 · 2 z
2 − n(n− 1)(n − 2)
1 · 2 · 3 z
3 + . . . =
n∑
j=0
(−1)j n!
(n− j)!j!z
j , (54)
we can derive
e
−
ntx
γ0
(
1− e−
ntx
γ0
)K−1
=
K−1∑
j=0
(−1)j
(
K−1
j
)
e
−
(j+1)ntx
γ0 , (55)
where the binomial coefficient is given by
(
K−1
j
)
=
(K − 1)!
(K − j − 1)!j! .
19
To solve the integral in (53), let us first consider
∫ ∞
0
log2(1 + x)e
ajxdx, (56)
where aj = − (j+1)ntγ0 . The closed form expression of (56) can be derived as
∫ ∞
0
log2(1 + x)e
ajxdx =
1
ln 2
∫ ∞
0
ln(1 + x)eajxdx =
1
aj ln 2
∫ ∞
0
ln(1 + x)d(eajx)
=
1
aj ln 2
ln(1 + x)eajx|∞0 −
1
aj ln 2
∫ ∞
0
eajxd[ln(1 + x)]
= − 1
aj ln 2
∫ ∞
0
eajx
1 + x
dx, (57)
Equ. (57) is derived by following the fact that lim
y→∞
ln y
e−cy
= 0 (c < 0), and by assigning u = ln(1 + x), v = eajx,
then performing integral by parts. According to [25, p. 337],
∫ ∞
0
e−µx
x+ β
dx = −eβµEi(−µβ), µ > 0 (58)
Assigning β = 1, µ = −aj in (58), the closed form of (57) can be obtained as
∫ ∞
0
log2(1 + x)e
ajxdx =
e−ajEi(aj)
aj ln 2
, (59)
where the exponential integral function Ei(x) is defined in (33).
Substituting (55) and (59) into (53), we can derive the average channel capacity for SDM MU-MIMO without pre-
coding
COMU =
ntK
γ0
∑
i
∫ ∞
0
log2(1 + x)e
−
ntx
γ0
(
1− e−
ntx
γ0
)K−1
dx =
ntK
γ0
∑
i
∫ ∞
0
log2(1 + x)
K−1∑
j=0
(−1)j
(
K−1
j
)
e
−
(j+1)ntx
γ0 dx
=
ntK
γ0
∑
i
K−1∑
j=0
(−1)j
(
K−1
j
) ∫ ∞
0
log2(1 + x)e
−
(j+1)ntx
γ0 dx =
ntK
γ0 ln 2
∑
i
K−1∑
j=0
(−1)j
(
K−1
j
) e−ajEi(aj)
aj
,
where aj = − (j+1)ntγ0 .
20
D. Derivation of channel capacity for systems with large number of antennas
For the systems where nr and/or nt is large, β(i) is sufficiently large. Under such circumstances, we can utilize the
series representation of the exponential function
ex = 1 + x+
x2
2!
+
x3
3!
+ . . . =
∞∑
j=0
xj
j!
≈
β(i)−1∑
j=0
xj
j!
.
For a linearly precoded SDM MU-MIMO, the average channel capacity can be expressed as
CCMU ≃
η∑
i=1
K
(ρiλ˜i)β(i)(β(i) − 1)!
∫ ∞
0
log2(1 + γ) γ
β(i)−1e
− γ
ρ1λ˜i

1− β(i)−1∑
j=0
γj
j!(ρiλ˜i)j
e
− γ
ρiλ˜i

K−1
︸ ︷︷ ︸
∆(γ)
dγ
︸ ︷︷ ︸
Ξ
, (60)
where η = nt = nr and the ordered eigenvalues of the complex central Wishart matrix HHH is λ1 ≥ λ2 ≥ · · · ≥ λη.
When i = η, β(η) = 1, following the same procedure as shown in Section V-A for SDM MU-MIMO without
precoding, we have
CCMU (β(η)) =
K
ρηλ˜η
1
ln 2
K−1∑
j=0
(−1)j
(
K−1
j
) e−djEi(dj)
dj
, (61)
where dj = − (j+1)ρηλη . With binomial expansion, we have
∆(γ) = γβ(i)−1e
−
γ
ρiλ˜i

1− β(i)−1∑
j=0
γj
j!(ρiλ˜i)j
e
−
γ
ρiλ˜i

K−1
= γβ(i)−1
K−1∑
n=0
(−1)n (K − 1)!
(K − 1− n)!n!

β(i)−1∑
j=0
γj
j!(ρiλ˜i)j

n e− (n+1)γρiλ˜i
= γβ(i)−1
K−1∑
n=0
cn

β(i)−1∑
j=0
γj
j!(ρiλ˜i)j

n e− (n+1)γρiλ˜i (62)
where cn is given by (39).
When β(i) is large, Equ. (62) can be approximated by
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∆(γ) =
K−1∑
n=0
cnγ
β(i)−1

β(i)−1∑
j=0
γj
j!(ρ1λ˜i)j

n e− (n+1)γρiλ˜i = K−1∑
n=0
cnγ
β(i)−1

β(i)−1∑
j=0
[γ/(ρiλ˜i)]
j
j!

n e− (n+1)γρiλ˜i
≈
K−1∑
n=0
cnγ
β(i)−1e
γn
ρiλ˜i e
−
(n+1)γ
ρiλ˜i =
K−1∑
n=0
cnγ
β(i)−1e
−
γ
ρiλ˜i
Therefore,
Ξ =
∫ ∞
0
log2(1 + γ)∆(γ)dγ =
∫ ∞
0
log2(1 + γ)
K−1∑
n=0
cnγ
β(i)−1e
−
γ
ρiλ˜i dγ
=
1
ln 2
K−1∑
n=0
cnIβ(i)
(
1
ρiλ˜i
)
=
1
ln 2
K−1∑
n=0
(−1)n (K − 1)!
(K − 1− n)!n!Iβ(i)
(
1
ρiλ˜i
)
(63)
According to (60), CCMU ≈
∑η−1
i=1
K
(ρiλ˜i)β(i)(β(i)−1)!
Ξ+ CCMU (β(η)).
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Fig. 1. SINR distribution for SDM multiuser SU and MU-MIMO schemes with 20 active users in the cell.
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Fig. 2. SINR distribution for SDM-FDPS linearly precoded multiuser SU and MU-MIMO schemes with 10 active users in the cell.
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